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I n  the numerical s o l u t i o n  of operator  equat ions Fx = 0,  d i s -  
c r e t i z a t i o n  of the  equat ion and then app l i ca t ion  of Newton.'s method 
r e s u l t s  i n  t h e  same l i n e a r  a lgeb ra i c  systems of equat ions  a s  app l i -  
c a t i o n  of Newton's method followed by d i s c r e t i z a t i o n .  This l eads  
t o  t h e  genera l  problem of determining when t h e  two f r equen t ly  used 
opera t ions  of d i s c r e t i z a t i o n  and (Freche t )  d i f f e r e n t i a t i o n  appl ied  
t o  a non-linear operator  a r e  commutative. A theory of d i s c r e t i z a -  
t i o n  processes  i s  developed here which proves t h a t  f o r  a w i d e  c l a s s  
of ope ra to r s  of i n t e r e s t  i n  app l i ca t ions ,  d i s c r e t i z a t i o n  and d i f -  
f e r e n t i a t i o n  indeed "commute". T h e  fundamental concept of t h e  
theory  i s  a d i s t i n c t i o n  between t h e  d i s c r e t i z a t i o n  of t h e  l i n e a r  
spaces  involved and t h e  replacement of the i n f i n i t e s i m a l  p a r t s  of 
the opera tor  F,  i .e . ,  those  p a r t s  involving,  e .g . ,  d i f f e r e n t i a t i o n  
and i n t e g r a t i o n ,  by a discrete analogue. Using t h i s  d i s t i n c t i o n  i n  
an a b s t r a c t  way a "complete" d i s c r e t i z a t i o n  process  is def ined 
p r e c i s e l y  and t h e  cited commutativity r e s u l t s  a r e  proven. The 
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I On D i s c r e t i z a t i o n  aRd D i f f e r e n t i a t i o n  of Operators 
with Applicat ion t o  Newton's Method 
by u'zmes M. @rtega and Werner C. Rheinboldt 
1. In t roduct icn .  
L e t  
(1) F(x] = 0 
r ep resen t  a non-linear i n t e g r a l  or d i f f e r e n t i a l  equat ion,  A common 
approach t o  t h e  approximation cf a s o l u t i o n  of (1) i s  t h e  fol lowing 
(see, e .g . ,  Co l l a t z  [l] 1: Firs t ,  d i s c r e t i z e  (11, t h a t  is ,  a s s o c i a t e  
with x a vec tor  ZER whose comporents approximate x a t  n ( g r i d )  
p o i n t s ,  and then  r ep lace  i n t e g r a l s  by quadrature  sums and der iva-  
t i v e s  by d i f f e r e n c e  q u o t i e n t s  involving only the components of Z. 
A s  a r e s u l t  of t h i s  d i s c r e t i z a t i o n ,  (1) i s  replaced by a system of 
n nonl inear  equat ions i n  I; unknowns: 
n 
- 
( 2  1 F(2) = 0 .  
A s s u m e  n.ow t h a t  t h i s  syst.sm can be solved by Newton's method, 
and in t roduce  t h e  "Newton8'-function 
( 3 )  N(Z,L*) = Fs ( X ) i ; '  + Fiji), 
where F ' ( 5 )  i s  t h e  Frechet-der ivat ive [Jacobian mat r ix)  of F a t  2. 
I f  2 is an approximation t o a  sol.ution of ( 2 )  then a co r rec t ion  
t o  E is  computed as t h e  solut ioi?  of t h e  l i n e a r  a lgeb ra i c  system 
(4 1 N(Z,F9 = 0 ,  
Al te rna te ly ,  it may b e  possi.ble t o  apply t h e  (gene ra l i zed )  
* 
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Newton method d i r e c t l y  t o  (1) (see, e .g . ,  Kantorovich [ 2 ]  o r  
Kantorovich and Akilov [ 3 ]  )., Then, of course,  t h e  Newton correc-  
t i o n  y t o  an approximate s o l u t i o n  x of (1) is  obtained a s  a s o l u t i o n  
of t h e  l i n e a r  operator  equat ion 
(5  1 N(x,y) E F ' ( x ) y  + F ( x )  = 0 .  
If F ( x )  = 0 r ep resen t s ,  f o r  example, an i n t e g r a l  equation, ( 5 )  i s  
a n i n t e g r a l  equation f o r  y .  I n  genera l ,  it is  necessary t o  apply 
approximation methods t o  so lve  t h i s  l i n e a r  operator  equat ion,  and 
i f  ( 5 )  i s  d i s c r e t i z e d  t h e r e  r e s u l t s  again a system of l i n e a r  a lge-  
br a i c  equat ions : 
- 
N(fi,Y) = 0. 
A n a t u r a l  ques t ion  i s  now t h e  following. Is it bet ter ,  i n  
some s t i l l  t o  be s p e c i f i e d  s e n s e ,  t o  d i s c r e t i z e  f i r s t  and then 
apply Newton's method, o r ,  r a t h e r ,  t o  apply Newton's method f i r s t  
and t h e n  d i s c r e t i z e ?  An answer t o  t h i s  ques t ion  involves  many as- 
p e c t s ,  such a s  t h e  ease  of ob ta in ing  d i s c r e t i z a t i o n  e r r o r  bounds, 
and our concern h e r e  i s  only w i t h  t h e  fol lowing observat ion:  Under 
c e r t a i n  rather genera l  condi t ions  it t u r n s  out  t h a t  t h e  equat ions  
(4)  and ( 6 )  a r e  i d e n t i c a l ,  provided t h e  d i s c r e t i z a t i o n s  a r e  c a r r i e d  
ou t  i n  t h e  same way. I n  other  words, a s  far  a s  the f i n a l  l i n e a r  
a l g e b r a i c  equat ions  a r e  concerned, it makes no d i f f e r e n c e  whether 
Newton or  d i s c r e t i z a t i o n  i s  appl ied f i r s t ;  l oose ly  speaking, Newton 
and d i s c r e t i z a t i o n  I'commute". However, a l i t t l e  r e f l e c t i o n  shows 
t h a t  t h i s  observat ion concerns Newton's method only i n c i d e n t a l l y ,  
. 
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and t h a t  b a s i c a l l y  t h e  c e n t r a l  quest ion i s  when t h e  opera t ions  of 
d i s c r e t i z a t i o n  and d i f f e r e n t i a t i o n  "commute". 
I n  Sect ion 2 w e  s h a l l  descr ibe  a genera l  s e t t i n g  f o r  an i n v e s t i -  
ga t ion  of t h i s  commutativity quest ion and give i n  d e t a i l  two concrete  
examples. In  Sect ion 3 w e  present  a complete answer f o r  a c e r t a i n  
l i m i t e d  c l a s s  of ope ra to r s ,  and , i n  Sec t ion  4 ,  t h i s  i n  t u r n  w i l l  
be t h e  b a s i s  f o r  an extension of t h e  theory t o  c l a s s e s  of ope ra to r s  
t h a t  a r e  of i n t e r e s t  i n  app l i ca t ions .  F i n a l l y ,  i n  Sec t ion  5 w e  
r e t u r n  t o  Newton's method a s  an example of t h e  a p p l i c a t i o n  of our 
r e s u l t s :  t h i s  w i l l  make p r e c i s e  t h e  d iscuss ion  i n  t h i s  i n t roduc t ion .  
2 .  Notation and Examples 
Throughout t h i s  paper,  X ,  Y, e tc .  s h a l l  always denote r e a l  o r  
complex Banach spaces ,  and E ( X , Y )  s h a l l  be t h e  usua l  Banach space 
of a l l  bounded l i n e a r  opera tors  with domain X and range Y. W e  s h a l l  
l e t  Q ( X , Y )  denote t h e  c o l l e c t i o n  of a l l  mappings F : D ( F )  c X + Y w i t h  
a non-empty domain D ( F )  i n  X and range i n  Y. As usua l  F E Q(X,Y) 
s h a l l  be c a l l e d  Frechet  d i f f e r e n t i a b l e  a t  an i n t e r i o r  po in t  x E D ( F )  
i f  t h e r e  e x i s t s  a bounded l i n e a r  operator  F ' ( x )  E E(X,Y)  such t h a t  
I n  our d i scuss ion  it w i l l  f requent ly  be necessary t o  stress t h a t  F '  
i s  a func t ion  of two va r i ab le s ,  and accordingly,  w e  s h a l l  use  t h e  
n o t a t i o n  F ' ( x  x ) and F ' ( x  )x interchangeably.  I f  w e  de f ine  1; 2 1 2  
D'(F) c D ( F )  t o  be t h e  s e t  of a l l  i n t e r i o r  p o i n t s  x E D ( F )  a t  which 
F ' ( x )  e x i s t s ,  then  F '  E Q ( X x X , Y )  and has  domain D ( F ' )  = D ' ( F ) x X .  
I# 
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More gene ra l ly ,  w e  can introduce t h e  
a l l  i n t e r i o r  p o i n t s  of D ( F )  a t  which 
k+ l  
Then F (k) i s  an element of Q(x , y )  
sets D ( k ) ( F )  ( k=1 ,2 , - . . )  of 
t h e  k t h  d e r i v a t i v e  F (k) e x i s t s .  
w i t h  domain D ( F  (k)) = D ( k ) ( F ) x X k ,  
k where X denotes the product space XxXx. . . . xX (k  t i m e s ) .  F i n a l l y  
w e  denote by Q ' ( X , Y )  the se t  of a l l  ope ra to r s  F E Q ( X , Y )  such t h a t  
D ' ( F )  i s  not  empty. 
J 
Before proceeding with our genera l  development i n  the  next  
s e c t i o n ,  w e  give i n  t h e  remainder of t h i s  s e c t i o n  two concre te  
examples t h a t  w i l l  i l l u s t r a t e  t h e  commutativity of d i s c r e t i z a t i o n  
and d i f f e r e n t i a t i o n .  
Example 1: S e t  X = Y = c[O,l] and l e t  F : D ( F )  c X -, Y be t h e  i n t e g r a l  
opera tor  
1 
(7) ( F x ) ( s )  = f ( s , x ( s ) )  + [ g ( s , t , x ( t ) ) d t .  
0 
H e r e  t h e  real-valued func t ion  f of the two v a r i a b l e s  s and x ,  to -  
a f  ge the r  w i t h  i t s  p a r t i a l  d e r i v a t i v e s  f =- - 2 ax 
assumed t o  be def ined and continuous on some open domain D ( f )  c R , 
2 
and f - a i s  2 2 = a , 2 ,  
2 
and s i m i l a r l y  g,  toge ther  with g and g s h a l l  be def ined and con- 
t inuous  on t h e  open set D(g) c R Then 
3 3 3  
3 
D ( F ) =  D ' ( F ) =  {x€C[O,l] I ( s , x ( s ) ) E  D ( f ) ,  ( s , t , x ( t ) )  E D(g) ,  OSs,tSl 
I n  p a r t i c u l a r ,  if D ( f  )=[ 0,1] x (--,+a) and D(g)=[ 0,1] x[ 0,l) x (--, +-) 
then  D ( F )  = D ' ( F )  = C [ O , l ] .  For x E D ' ( F )  and h E X ,  F ' ( x ; h )  i s  
given by 
1 ,  
1 -  , - 5 -  
W e  choose g r i d  p o i n t s  OSs,< ... <s 51, t .=s i  ( i = 1 8 . . , n )  and quadrature  n 1 






n Now consider  2 = R and the  operator  F : D ( F )  c 2 4 2 defined by 
n 
j =1 
It i s  c l e a r  t h a t  
and fo r  x' E D ' ( F )  w e  f i n d  t h a t  
n 
( 1 2 )  (F1(z;h))i = f 2 ( s i # z i ) h i  Q!.g ( s i ~ t  ,z )E ( i = l r . . r n ) .  
3 3  j j j 8  
j =1 
- 
Hence, under the  correspondence x ( s .  ) = 
w e  see t h a t  ( 9 )  and (ll), a s  wel l  a s  (10 )  and ( 1 2 )  a r e  i d e n t i c a l .  
h ( s i )  = hi (i=l,. . . 8n) 
1 i' 
I n  o t h e r  words, t h e  d i s c r e t i z e d  form of F '  and the d e r i v a t i v e  of t h e  
d i s c r e t i z e d  operator  a r e  t h e  same. 
Proceeding i n  an analogous manner, it i s  easy t o  see t h a t  t h e  
same r e s u l t  ho lds  f o r  i n t e g r a l  opera tors  i n  s e v e r a l  v a r i a b l e s ,  e .g . ,  
( F x ) ( s 8 t )  = f ( s 8 t 8 x ( s 8 t ) )  + 1' s1 g(S8t858q8X(S8q) )d5dq. 
0 0  
2 Example 2: As usua l ,  l e t  X = C [ O , l l  denote t h e  Banach space of all 
t w i c e  continuously d i f f e r e n t i a b l e  real-valued func t ions  on [ O ,  13 
w i t h  the norm 
L e t  Y = C [ O , l )  and de f ine  t h e  d i f f e r e n t i a l  opera tor  F:D(F) C X 4 Y 
(13) ( F x ) ( s )  = f ( s , x ( s ) , x " ( s ) ) ,  s E [ O , l l ,  
where f :D(f )  c R -+ R ,  toge ther  with i t s  p a r t i a l  d e r i v a t i v e s  f 
f 2 2 '  f 3 '  f23'  f33' 
3 open set D ( f )  C R . 
3 
2 '  
i s  assumed t o  be def ined and continuous on t h e  
I f  w e  t ake  
D(F) = D ' ( F ) =  {xEX 1 ( s , x ( s ) , x " ( s ) ) E  D ( f ) ,  OSsSl, x(O)=x(l)=O} 
then  c l e a r l y  f o r  x E D ' ( F ) ,  
(14)  F ' ( x ; h )  ( s )  = f 2 ( s , x ( s ) , x " ( s ) ) h ( s )  + f 3 ( s , x ( s ) , x " ( s ) ) h " ( s ) .  
Se t  A = l/(n+l),s.=iA ( i = O , l ,  ..., n+l )  and 
1 
and t a k e  a s  t h e  d i s c r e t e  analogues of (13) and (14)  
and 
Now de f ine  t h e  d i s c r e t i z e d  operator  F : D ( F )  c ? -. 2 ,  (2 = R n ) ,  
by 
where 
= f ( s . , Z  ,6 2, x i ) ,  i=l, ..., n ) ,  
i i  
2, 1 
- 2 3 7  + z  ] (i=l, ..., n ) ,  6 x i  = 7 [yi+l i i-1 
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and 
Then f o r  x E D ' ( F )  and i = l ,  .. . , n  
- 
and again under t h e  correspondence x ( s . )  = x ( i = O , l ,  ..., n + l )  we  
see t h a t  (16)  and (18) a r e  i d e n t i c a l .  
1 i 
This  r e s u l t  a l s o  holds  fo r  more genera l  o rd inary  and p a r t i a l  
d i f f e r e n t i a l  ope ra to r s  a s ,  f o r  example, 
(19)  (Fx) ( s )  = f ( s , x ( s ) , x I  ( s ) ,  . . . , X ( ~ ) ( S ) ) ,  
and 
and - when combining the r e s u l t s  of Examples 1 and 2 - a l s o  f o r  
i n t e g r o - d i f f e r e n t i a l  opera tors ,  such a s  
( 2 1 )  ( F x ) ( s ) = f  ( s , x ( s ) ,  ..., x ( m )  ( s ) )  + J 1 g ( s , t , x ( t ) ,  ..., ~ ( ~ ) ( t ) ) d t .  
0 
3 .  Space D i s c r e t i z a t i o n  and Induced Operator D i s c r e t i z a t i o n  
I n  order  t o  begin t h e  general  d i scuss ion  of our commutativity 
ques t ion  posed i n  the previous two s e c t i o n s ,  l e t  us  cons ider  the 
fol lowing s e t t i n g  f o r  the d i s c r e t i z a t i o n :  
L e t  X and Y be two Banach spaces and assume t h a t  two o the r  
Banach spaces  2 and ? represent  d i s c r e t i z e d  ve r s ions  of X and Y, 
r e s p e c t i v e l y .  
w e  do no t  assume t h i s .  The spaces X and ?, and s i m i l a r l y  Y and ?, 
a r e  assumed t o  be connected by " d i s c r e t i z a t i o n  mappings cp E E ( X ,  z) 
Usually 2 and ? a r e  f ini te-dimensional ,  b u t  h e r e  
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- 
and ~r E E ( Y ,  y )  w i t h  t h e  property t h a t  cp X = ?  and ~i Y = Y. 
It i s  usua l  i n  t h e o r e t i c a l  i n v e s t i g a t i o n s  of d i s c r e t i z a t i o n  
t o  consider  some f ixed  opera tor  F E Q ( X , Y ) ,  toge ther  with a "d is -  
cret izedl l  opera tor  F E Q ( Z ,  ?) and t o  assume t h a t  F is  "c lose"  t o  
F i n  some sense.  For example, Kantorovich [ 2 ]  assumes t h a t  
II~(cpx) - ~ r ( ~ x ) \ l  s + \ I ,  x E D ( F ) .  
H e r e  w e  w i l l  no t  be concerned w i t h  t h e  "approximation" of F by F, 
b u t  o u r  i n t e r e s t  i s  r a t h e r  i n  tha formal s t r u c t u r e  of t h e  d i s c r e t i -  
z a t i o n  process  i t s e l f .  
T h e  d i s c r e t i z a t i o n  of opera tors  such a s  those  of Examples 1 
and 2 ,  involves  of course not  only t h e  replacement of the spaces  
X and Y by x and ?, b u t  more important ly ,  t h e  replacement of t h e  
ope ra t ions  of i n t e g r a t i o n  and d i f f e r e n t i a t i o n  by t h e i r  discrete 
analogues.  we s h a l l  postpone t o  Sect ion 4 any cons idera t ion  of 
t h e s e  l a t t e r  replacements and w e  s h a l l  consider  i n  t h i s  s e c t i o n  
only t h e  fol lowing very s p e c i a l  c l a s s  of ope ra to r s .  
k -k 
D e f i n i t i o n  1. L e t  t h e  mappings cpk E E ( X  #X ) ,  (k=1,2, ...) be def ined  
by 
(pk(x1J - - . . I ) ( -  ) = ((3x1#(px2# J T X k ) .  k 
k Then i f  G E Q ( X  , Y ) ,  w e  say t h a t  G i s  d iscre t iza t ion-compat ib le  
( o r  d-compatible f o r  s h o r t ) ,  and w r i t e  G E D ( @ , ) ,  if cp k u = 'kV 
f o r  u ,  v E D ( G )  impl ies  t h a t  Jr(Gu) = ~ ( G v ) .  
- n 
W e  no te  t h a t  i n  Example 1 w e  have = Y = R and 
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Of course t h e  opera tor  F of ( 7 )  i s  i n  genera l  no t  d-compatible, s i n c e  
t h i s  would mean t h a t  u ( s . )  = v ( s . ) ,  i=l, ..., n,  impl ies  t h a t  
1 1 
Note, however, t h a t  f o r  g = 0 t h e  opera tor  F i s  t r i v i a l l y  d-compatible. 
Moreover, i f  i n  t h i s  case $ ( X I  = ( x ( t l ) ,  ..., x ( t  ) )  is  chosen indepen- 
d e n t l y  of cp,  t hen  F i s  d-compatible i f  and only i f  m = n and 
n 
t = s .  (i=l,. . , n ) ,  i .e . ,  i f  and only i f  cp E $ .  
Now f o r  each G E D ( @  ) , the  opera tor  
i 1 
k 
i s  well-defined and w e  have a n a t u r a l  a s s o c i a t i o n  of ope ra to r s  i n  
D ( @  ) with c e r t a i n  opera tors  i n  Q ( g k ,  Y ) .  That i s ,  t h e  space d i s -  
c r e t i z a t i o n s  cp and $ induce "operator d i s c r e t i z a t i o n s "  i n  t h e  




D e f i n i t i o n  2 .  The mapping 
(23) 
where is given by ( 2 2 ) ,  s h a l l  be c a l l e d  an opera tor  d i s c r e t i z a -  
t i o n  mappinq and s h a l l  be c a l l e d  a @ - d i s c r e t i z a t i o n  of G. 
m k : ~ ( m k )  c Q ( X  k ,Y) ~(xk,?), @ k ~  = E ,  D(G)= c p k ( ~ ( ~ ) )  
I n  p r i n c i p l e ,  t hese  d e f i n i t i o n s  a r e  s ta tements  about q u o t i e n t  
k 
mappings: Define N(cpk) = {x E X I ykx = o}, N ( $ )  = {Y E Y I $ Y  = o}, 
A "k k and l e t  X 
G E D ( @  ) assu res  t h e  ex is tence  of a quo t i en t  mapping 
= X /N(cpk) ,  Y = Y/N($)  denote t h e  quo t i en t  spaces.  Then 
k 
G : D ( G ) / N ( ~ ~ )  c E;k + +. 
Ak -k But, X and X a s  w e l l  a s  2. and ? a r e  l i n e a r l y  homoemorphic; hence 
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G induces i n  t h e  n a t u r a l  way a mapping from ?k i n t o  ?, and t h i s  
mapping i s  j u s t  t h e  @ - d i s c r e t i z a t i o n  E of G. 
I n  l i n e  w i t h  t h i s ,  the following lemma, proven here f o r  complete- 
ness ,  i s  i n  essence a well-known r e s u l t  i n  the theory of q u o t i e n t  
mappings. 
one of i ts  v a r i a b l e s  f o r  f ixed  values  of i t s  o ther  v a r i a b l e s ,  then 
Its content  i s  t h a t  i f  G i s  a bounded l i n e a r  opera tor  i n  
t h e  same is  t r u e  of @ G .  k 
Lemma 1: 
Gi E G(xl, . . . .,x i - l ' o ~ x i + l I ~  . .. ,xk) E E ( X , Y ) ,  then 
L e t  G E D(9,) and E = mkG. If  f o r  f i xed  x E X,  j# i ,  j 
- -  - 
L G(cpx 1 t  - - - tcpxi-lt , t p X i + l ,  - - - ~ ( P X ~ )  E E ( X , Y )  
Proof: The l i n e a r i t y  of t h e  operator  L is  ev ident ;  t o  show t h a t  it 
is  continuous,  no te  f irst  t h a t  
i s  open i n  X. But s ince  cp i s  l i n e a r ,  continuous and onto  x, it 
fol lows from t h e  i n t e r i o r  mapping p r i n c i p l e  t h a t  L (-1) S i s  open. 
- -  
Hence, L i s  continuous and L E E ( X , Y ) .  
For t h e  sake of s impl i c i ty  w e  now r e s t r i c t  our a t t e n t i o n  t o  t h e  
c l a s s e s  D(H ) and D ( @  ) .  The fol lowing lemma says i n  essence t h a t  
d-compat ib i l i ty  i s  preserved under d i f f e r e n t i a t i o n .  
1 2 
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Lemma 2 :  L e t  G E D ( @ , )  f l  Q'(X,Y); then G '  E D ( @ , ) .  
# v  ) be i n  D ( G ' )  w i t h  tp2u = y2v.  I V 1  2 Proof: L e t  u = ( u  u ) and v = 
Then ul,vl E D ' ( G )  and f o r  t s u f f i c i e n t l y  s m a l l  u + t u  
Thus,  by d e f i n i t i o n ,  
1' 2 
vl+ t v 2 E  D(G). 1 2 '  
w h e r e  \ l c i ( t ) \ l  + 0 f o r  t 4 O  ( i = l , 2 ) .  Since G E D ( m l )  and 
V(U1 + t u 2 )  = V(V1 + t v 2 )  I 
w e  then have 
Hence, 
B u t  the l e f t  side of ( 2 4 )  i s  independent of t w h i l e  the r i g h t  
s ide goes t o  zero w i t h  t .  H e n c e  $ [ G ' ( u  u ) ]  = $ [ G ' ( v l , v 2 ) ] ,  i . e . ,  1' 2 
T h e  f o l l o w i n g  t h e o r e m  i s  the first c o m m u t a t i v i t y  r e s u l t  and 
the r e l a t i o n  ( 2 5 )  is t y p i c a l  of the  f u r t h e r  r e s u l t s  w e  s h a l l  ob ta in  
i n  the next sect ion.  
T h e o r e m  1: 
D ( @ , G ' )  = v 2 ( D ( G ' ) )  and 
L e t  G E D(ml )  fl Q'(X,Y). Then ( @ , G ) '  i s  def ined  on 
( @ , G ) '  = @ 2 G '  on D ( Q 2 G ' ) .  
- 1 2  - 
Proof: By Lemma 2 ,  G '  E D ( @  ) and by d e f i n i t i o n  
2 
x E D ' ( G )  c D ( G ) .  
opera tor  i n  h f o r  f i x e d  x 
By Lemma 1, ( @ 2 G ' ) ( x l t h )  is a bounded l i n e a r  1 
and w e  have t o  show t h a t  1' 
where Zl = cp(xl). 
Form again t h e  quotient-space 
h 
X is  a Banachspace under t h e  usual  norm 121 = i n f [  llxll Ix E 21 , and 
the induced mapping @:X + 2 defined by @ (9) = $ ( c p ( - l )  (2)) = 2 is 
h 
- 
l i n e a r ,  continuous,  one-to-one, and onto X. Hence @ h a s  a bounded 
inve r se  @ 
h E c p ( - ' )  (K) c X such t h a t  
-1 
and f o r  any h E 2' (h # 0 )  t h e r e  always e x i s t  
S e l e c t i n g  on1.y such h ,  w e  obtain f o r  any h E 2 such t h a t  
A-J- 
2 '1*"  'Icp ' IIG(xl+ h) - G(xl) - G' (x l ;h) / l .  
llhll 
I f  now h + 0,  then c l e a r l y  h - 0 f o r  our choice of h E (p (-1) (h) 
and hence t h e  r i g h t  hand s i d e  tends  t o  zero  by assumption. 
completes t h e  proof .  
This  
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inc ludes  D ( @ , G ' ) ,  i . e . ,  
f o r  i n s t ance ,  t h e  s p e c i a l  case of Example 1 when g 0 and 
( @ , G ) '  i s  an ex tens ion  of @ G I .  
. Then f ( s , x )  = x 2/3 , i . e . ,  ( F x ) ( s )  =- x ( s )  2 /3 
D ' ( F )  = {x E C [ O , 1 ]  1 x ( s )  # 0,O S s S l} 
and t h e r e f o r e  
while 
Theorem 1 a l s o  shows t h a t  i n  essence we  have only commutativity 
between t h e  gene r i c  t e r m s  " d i f f e r e n t i a t i o n "  and " d i s c r e t i z a t i o n " .  
Actua l ly  j u s t  a s  t h e  d i s c r e t i z a t i o n  ope ra to r s  @ @ opera t e  on d i f -  
f e r e n t  classes of func t ions ,  the same is t r u e  f o r  d i f f e r e n t i a t i o n .  
1' 2 
I n  f a c t ,  i f  w e  denote d i f f e r e n t i a t i o n  on X and 2 b y 8  and 9 ,  res- 
p e c t i v e l y ,  then (25) becomes 
It should a l s o  be noted t h a t  Theorem 1 can be extended t o  m- 
t i m e s  d i f f e r e n t i a b l e  func t ions  with t h e  r e s u l t  t h a t  ( @  G ) ( m ) =  CP G ( m )  
1 m + l  
on some s u i t a b l e  domain. W e  omi t  the d e t a i l s  he re .  
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4.  Complete D i s c r e t i z a t i o n  
As mentioned i n  Sect ion 3, t h e  ope ra to r s  ( 7 )  and (13)  i n  
Examples 1 and 2 a r e  not  i n  general  d-compatible and, moreover, t h e  
a p p l i c a t i o n  of the  mapping @ alone could c e r t a i n l y  not  be expected 1 
t o  produce the d i s c r e t i z e d  forms ( 9 )  and ( 1 5 ) .  W e  consider  i n  t h i s  
s e c t i o n  t h e  replacement of t h e  opera t ions  of i n t e g r a t i o n  and d i f -  
f e r e n t i a t i o n  by discrete analogues and then combine these rep lace-  
ments wi th  t h e  @ - d i s c r e t i z a t i o n  of Sec t ion  2 .  
W e  consider  f irst  a c l a s s  of ope ra to r s  corresponding t o  the 
case  d iscussed  i n  Example 1. If w e  introduce t h e r e  t h e  in te rmedia te  
Banach space Z = C ( [ O , l ] x [ O , l ] )  t hen  the opera tor  F can be considered 
a s  a composition of t h e  f o r m  F = KG where G:D(G)  C X + Z is  the 
opera tor  
(Kz) ( s )  = [' z ( s , t ) d t .  
0 
T h e  replacement of i n t e g r a t i o n  by quadrature  amounts t o  the rep lace-  
ment of the operator  K by another opera tor  K € E ( Z , Y )  of t h e  form d 
m 
j =1 
Note t h a t  K i s  an operator  on t h e  same space a s  K and not  on a d i s -  
d 
c r e t i z e d  space.  
C lea r ly  t h e r e  a r e  many poss ib le  ope ra to r s  K of t h e  form (29)  d 
depending on t h e  choice of the quadra ture  weights CY and t h e  g r i d  j 
'. 
- 1 5  - 
p o i n t s  t . Whereas usua l ly  only those  a! and t w i l l  be s e l e c t e d ,  
j j j 
which a s su re  t h a t  K i s  "c lose"  t o  K, our concern here i s  with t h e  
formal replacement of K by K . 
t h a t  the opera tor  F = K G be d-compatible and t h i s  i s  a r e s t r i c t i o n  
only on t h e  g r i d  p o i n t s  t . 
w e  choose m = n and t = s j= l ,  ... # n ;  then  F h a s  t h e  form 
d 
What s h a l l  be r equ i r ed  of K i s  merely d d 
d d 
Thus  i f  cpx = Jrx = (x(sl), ..., x ( s n ) ) ,  
j 
j 1' d 
General ly  f o r  each K E E(Z,Y) and each p o s i t i v e  in t ege r  k ,  w e  
d e f i n e  t h e  class of ope ra to r s  
(31) z k ( K )  = {F:D(F)M k -iY I F=KG, GEQ(X k , Z ) ,  D ( F ) = D ( G ) } .  
D e f i n i t i o n  3:  For any two K , K  E E ( Z , Y )  the mapping 
d 
s h a l l  be c a l l e d  a p r e d i s c r e t i z a t i o n  mappinq for  Z k ( K ) .  
C lea r ly  t h e s e  mappings Y have no a - p r i o r i  r e l a t i o n  t o  d i s -  
k 
c r e t i z a t i o n  i n  t h e  usua l  sense;  t h i s  would depend on t h e  choice of 
However, t h e  s t r u c t u r e  of t h i s  rep lace-  d '  
t h e  two ope ra to r s  K and K 
ment process  corresponds t o  our i n t u i t i v e  not ion  of d i s c r e t i z a t i o n  
processes .  
The fol lowing lemma, an easy consequence of t h e  chain r u l e ,  
g i v e s  a commutativity r e s u l t  f o r  p r e - d i s c r e t i z a t i o n  mappings. 
Lemma 3: For given K , K  E E(Z,Y) and k = 1,2, l e t  Y : Z k ( K )  -i Zk(Kd) 
d k 
% 
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then  F '  E Z 2 ( K )  and (YIF) '  = Y2F' on D ( F ' )  = D ( G ' ) .  
Proof: By t h e  chain r u l e  w e  have D ( F ' )  = D ( G ' )  and F '  = ( K G ) '  = K G ' .  
( K d G ) '  = (Y1F)' on D ( F ' ) .  = KdG' = Hence F '  E Z 2 ( K )  and Y2F' 
W e  now combine p r e d i s c r e t i z a t i o n  and @ - d i s c r e t i z a t i o n .  
D e f i n i t i o n  4: 
and given @ - d i s c r e t i z a t i o n  mappings @ a s  i n  D e f i n i t i o n  2 ,  de f ine  
For given p re -d i sc re t i za t ion  mappings Y -3 ( K )  4 Z k ( K  ) 
k *  k d 
k 
the fol lowing subclasses  of Zk ( K )  : 
Each @ i s  def ined  on t h e  c l a s s  cp ( D ( Y  ) )  and accordingly l e t  
k k k 
Then f o r  each k t h e  composite mapping 
w i l l  be c a l l e d  a complete d i s c r e t i z a t i o n  mappinq onZk(K) .  
Given K, K and @k, t h e  maFping ik gives  a r igo rous  d e s c r i p t i o n  d - 
of t h e  d i s c r e t i z a t i o n  prccess  for a subclass  D(Y ) of ope ra to r s  i n  
3 k ( K ) .  The fol lowing theorem then conta ins  a commutativity r e s u l t  
k 
analogous t o  Theorem 1: 
Theorem 2: 
d i s c r e t i z a t i o n  mappings a s  i n  Def in i t i on  4.  
G E Q'(X,Z), then  F '  E D(!,) and 
For k = l ,  2 ,  l e t  Fk:D(Tk) c z k ( K )  - Zk(:Kd) be complete 
I f  F = KG E D(F1) and 
c, 
- 17 - 
Proof: Y F E D ( @  ) s ince  F E D ( T  1 and applying Theorem 1 t o  YIF 1 1 1 ,  
w e  have 
But  D (  (YIF) I )  = D ( F '  1 and,by Lemma 3 ,  
f o r e  
(YIF) I = Y2F' .  Al together  t he re -  
(TIF) ' = @ Y F '  = T 2 ~ l  on ( p 2 ( ~ ( ~ ' ) ) .  2 2  
L e t  u s  next consider  composite ope ra to r s  of t h e  form F = GL 
where G is again some non-linear opera tor  and L is a bounded and 
l i n e a r  mapping. The d i f f e r e n t i a l  opera tor  (13)  of Example 2 h a s  
t h i s  f o r m ,  a s  can be seen i f  w e  in t roduce  W = C [ O , l ]  x C [ O , l ] ,  d e f ine  
L E E(X,W) by Lx = (x ,x")  and l e t  G:D(G)  c W - Y be given by 
G ( W 1 t W 2 ) ( S )  = f ( s , w , ( s ) , w 2 ( s ) ) .  
For ope ra to r s  of t h e  fo rm F = GL w e  can proceed i n  a completely 
analogous manner a s  be fo re ,  b u t  some caut ion  i s  necessary with res- 
p e c t  t o  t h e  d e f i n i t i o n  of t h e  domains of t h e  ope ra to r s .  For t h e  sake 
of c l a r i t y ,  t h i s  s l i g h t  complication prompted t h e  s e p a r a t e  t rea tment  
of t h e  two types  of opera tors .  I t  w i l l  be r e a d i l y  apparent  how t h e  
theo ry  can be formulated f o r  more genera l  opera tors ,  e . g . ,  of t h e  
type  F = KGL. 
I n  gene ra l ,  l e t  W be any Banachspace. For each L E E(X,W)  
k k  
de f ine  t h e  l i n e a r  ope ra to r s  4, E E ( X  , W  1 by 
$(X1' ..., x 1 = (LXl '  ..-, L X k )  ( k = l ,  2, . . . ) , k ( 3 8 )  
and the opera tor  c l a s s e s  
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Note t h a t  G 4 ,  E Sk(L)  only i f  D ( G )  n L X k i s  not  empty. 
k 
where 
As befo re ,  w e  in t roduce  f o r  any two L ,  L E E(X,W)  t h e  mapping d 
and c a l l  Y a p r e - d i s c r e t i z a t i o n  mappinq on t h e  subc la s s  D ( Y  ) of 
ope ra to r s  of S ( L ) .  Note t h a t  here  t h e  p r e - d i s c r e t i z a t i o n  mapping 
is  no longer def ined  on t h e  e n t i r e  opera tor  c l a s s  fJ ( L )  a s  was t h e  




Corresponding t o  Lemma 3 we then  have: 
Lemma 4: 
Yk be def ined  a s  i n  (39) and ( 4 0 ) .  
G E Q'(W,Y), and assume t h a t  
For given L, Ld E E(X,W) and k=1,2 l e t  Qk(L) ,  Q (L ) and k d  
L e t  F = GL E D(Y1) ,  where 
is not  empty. Then F '  E D(Y,)  and 
(43 1 (YIF) '  = Y F '  on D x X 2 0 
Proof: 
L2x E D ( G ' )  and by t h e  chain r u l e  t h a t  F '  = ( G L ) '  = G ' L 2 .  
For x = (x,,x2) E Do x X w e  have by d e f i n i t i o n  t h a t  
Hence 
F '  E s 2 ( L )  and, moreover, F '  E D(Y, )  since D ( G ' )  n L X 2 is  not  d,  2 
empty. Hence, f o r  a l l  x E DOxX 
c 
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(YIF ' )  = (GL 1 '  = G ' L  = Y ( G ' L  ) = Y F ' .  
d do 2 2 2 2 
k '  A s  before ,  w e  consider  now t h e  + - d i s c r e t i z a t i o n  mappings + 
and f o r  each k def ine  t h e  c l a s ses  of ope ra to r s  
(45 1 s k ( L d )  = { F : D ( F )  c Xk -.) ? I F = IkYkF, F E D(Yk)} .  
Then t h e  mapping 
D ( H k )  @ k ( L ) o  
I n  analogy wi th  Theorem 2 w e  now o b t a i n  
Theorem 3: 
i n  ( 3 9 ) ,  ( 4 0 ) ,  
assume t h a t  t h e  set  Do of (42) is not  empty. 
For k = 1,2 ,  l e t  $ ( L ) ,  Y k ,  D ( H k )  and be def ined  a s  k 
443 and (45 ) .  Suppose t h a t  F = GL E D(H1) and 
Then F' E D( \Y2)  and 
( H 1 ~ ) '  = ( T J ~ F ' )  on cp ( D  XX) 2 0  (47 )  
Proof: 
e on DOxX 
from Lemma 2 t h a t  (YIF)' E D ( + , )  and t h e r e f o r e  t h a t  Y F '  E D ( B 2 ) .  
From Lemma 4 it follows t h a t  F '  E D ( Y 2 )  and t h a t  (YIF)' = Y2F' 
Since F E D ( F , )  implies t h a t  Y F E D(m ) , w e  then  ob ta in  1 1 
2 
C 
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Hence F' E D ( T 2 ) .  Bu t  by Theorem 1 
- and t h i s  completes t h e  proof .  
A s  mentioned be fo re ,  it is now simple t o  combine Theorems 2 and 
3 t o  o b t a i n  corresponding r e s u l t s  f o r  ope ra to r s  of t h e  type  KGL, e.g., 
f o r  i n t e g r o - d i f f e r e n t i a l  opera tors  of t h e  form ( 2 1 ) ,  and f o r  more 
genera l  composite ope ra to r s ,  Another simple g e n e r a l i z a t i o n  g ives  
r e s u l t s  f o r  higher  order  d e r i v a t i v e s .  W e  s h a l l  no t  d e t a i l  t h e s e  
g e n e r a l i z a t i o n s  here .  
5. Applicat ion t o  Newton's Method 
I n  t h i s  Sect ion w e  r e t u r n  t o  t h e  observa t ion  mentioned i n  t h e  
In t roduc t ion  t h a t  d i s c r e t i z a t i o n  and Newton's method "commute". 
The r e s u l t s  obtained i n  t h e  previous s e c t i o n s  now allow a p r e c i s e  
formulat ion of t h i s  observat ion.  
For t h e  sake of s i m p l i c i t y ,  l e t  us res t r ic t  ourse lves  t o  the 
c l a s s  of opera tors  5 ( K )  def ined i n  ( 3 1 1 ,  i .e. ,  ope ra to r s  of t h e  
type  F = KG. 
1 
L e t  F E D(Y' ) c z L ( K )  and \YIF = F'. As i n  t h e  In t ro -  1 
. duc t ion ,  w e  de f ine  the "Newton"-functions of F and F by 
where ev iden t ly  D ( N )  = D ( F ' )  and D ( N )  = D ( F ' ) .  Then t h e  fol lowing 
. 
- 2 1  - 
theorem s t a t e s  t h a t  on cp ( D ( F '  1); t h e  complete d i s c r e t i z a t i o n  of the 2 
Newton func t ion  N of F coincides  w i t h  the Newton func t ion  of t h e  
complete d i s c r e t i z a t i o n  F of F ,  'This is  t,he p r e c i s e  meaning of the 
"commutativity" of Newton's mst5od and d i s c r e t i z a t i o n .  
Theorem 4: 
L e t  F = YIF and consider the Newton func t ions  N and E a s  def ined by 
Suppose F E z1(k) s a t i s f i e s  t h e  condi t ions  of Theorem 2.  
(48) and (4918 r e s p e c t i v e l y .  Then N E D(V,)  and 
- 
Procf: By assumption, F E D l Y , ) .  I f  F i s  considered a s  a func t ion  
L - 
on X i 0 e . #  F(x1,x2) 2 F(x l ) '  then a l s o  F E D ( Y 2 ) .  Moreover, from 
- 
Theorem 2 it follows t h a t  F '  E D ( T 2 f  and t h a t  ( T I F )  I = Y2F' .  Using 
the f a c t  t h a t  y2  is l i n e a r  on D ( y  1 w e  have f o r  x , y  E D ( F ' )  2 
or 
- and t h i s  completes t h e  proof .  
- Clea r ly  the  p r i n c i p a l  reason f o r  the v a l i d i t y  of t h i s  theorem 
is  t h e  l i n e a r i t y  of N i n  t e r m s  of F and F *  and t h e  "commutativity" 
of d i s c r e t i z a t i o n  and d i f f e r e n t i a t i o n ,  Accordingly, the r e s u l t  can 
be r e a d i l y  extended t o  any l i n e a r  combination of a func t ion  and i t s  





[1] L. Collatz, The Numerical Trsatment of Differential Equations, 
3rd ed., (translated by P. Williams) Springer-Verlag, 
Berlin, 1960. 
[ a ]  L. Kantorovich, Functional Analysis and Applied Mathematics, 
Uspekhi Mat. Nauk, 3 (19481, pp. 89-185; translation by 
C. Benster, National Bureau of Standards Report 1509, 
G. Forsythe, ed., 1952. 
[ S ]  L. Kantorovich and G. Akilov, Functional Analysis in Normed 
Spaces, Fitzmatgiz, Moscow, 1959; translation by D. Brown 
and A. Robertson, A Pergamon Press Book, MacMillan, 
New York, 1964. 
